We study topological properties of bound pairs of photons in spatially-modulated qubit arrays (arrays of two-level atoms) coupled to a waveguide. While bound pairs behave like Bloch waves, they are topologically nontrivial in the parameter space formed by the center-of-mass momentum and the modulation phase, where the latter plays the role of a synthetic dimension. In a superlattice where each unit cell contains three two-level atoms (qubits), we calculate the Chern numbers for the bound-state photon bands, which are found to be (1, −2, 1). For open boundary condition, we find exotic topological bound-pair edge states with radiative losses. Unlike the conventional case of the bulk-edge correspondence, these novel edge modes not only exist in gaps separating the bound-pair bands, but they also may merge with and penetrate into the bands. By joining two structures with different spatial modulations, we find long-lived interface states which may have applications in storage and quantum information processing. * poddubny@coherent.ioffe.ru †
I. INTRODUCTION
Topological photonics has attracted a lot of attention recently [1, 2] . Seminal works on topological photonics focused on basic topological effects, such as topological edge states [3] [4] [5] , Floquet topological insulators [6, 7] , Weyl and Dirac points [8, 9] . However, due to their unique optical properties, topological photonic structures can go beyond the straightforward generalisations of topological solid states systems. In photonic systems, gain and loss can be easily engineered [10] and lightmatter interaction can be tailored at will [11] [12] [13] . Therefore, there exist multiple non-Hermitian photonic systems which not only support novel topological states [14] [15] [16] [17] , but may also lead to novel optical devices and unusual applications [18] [19] [20] [21] .
Radiative topological edge states have already been predicted in linear optical systems [22] . Topological lasers and exciton-polariton topological insulators have also been demonstrated experimentally [18] [19] [20] 23] . However, topological photonics is being explored mainly in the linear regime or classical-optics limit which do not take into account any effects of photon-photon interactions.
Strong photon-photon interactions are known to appear in photonic waveguides coupled to atoms or arrays of superconducting qubits [11] [12] [13] . These quantum waveguides support various exotic correlated states such as photon bound states [24] , novel twilight states [25] , and self-induced localized states [26] , which look very promising for storage and processing of quantum information. By arranging the positions of qubits and designing the waveguide structure, the topological edge states have been analyzed in single-excitation systems [27] [28] [29] [30] . However, exotic effects may emerge in interacting topological systems when two or more particles (or quasiparticle excitations) interact [31] [32] [33] [34] [35] [36] . Being analytically and numerically more challenging, the study of an interplay between photon interaction, non-Hermiticity, and topology is an exciting novel avenue to be explored in this field.
In this paper, we study the topological properties of two excitations in an atomic array with spatial modulation and photon-mediated long-range coupling. Due to the long-range hopping, even though double excitations are forbidden in an individual qubit, there exist twoexcitation bound states whose probability amplitudes decay exponentially with the distance between them. By considering an infinite array with unit cell of 3 two-level FIG. 1. Schematic of a spatially modulated array of qubits coupled to a waveguide. The modulation period contains 3 qubits. Coupling between different qubits is mediated by photons propagating along the waveguide.
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atoms (3 qubits), we concentrate on the bound-state bands. By varying the phase of spatial modulation and the center-of-mass momentum of two quasi-particle excitations, we observe the emergence of three bound-state bands of nontrivial topological invariants characterized by a set of the Chern numbers (−1, 2, −1). For a finite array, we find the radiative two-excitation topological edge state as a subradiant state with decay rate less than that of an individual qubit. In contrast to the conventional bulk-edge correspondence, these topological bound edge modes not only exist in the band gaps but also merge and penetrate into the bound-state bands. There also exist long-lived interface states between the two arrays with different spatial modulation phases.
The paper is organized as follows. In Sec. II, we introduce the model describing excitations in our qubit array. Next, we analyze the band structure and calculate the Chern numbers for the two-excitation bound-state bands (Sec. III). In Sec. IV, we calculate the spectral and radiative topological states for a finite structure. In Sec. V, we analyze long-lived interface states in a system combining two qubit arrays with different spatial modulations. Finally, Sec. VI concludes the paper with a brief summary and discussion.
II. MODEL
We consider a spatially-modulated array of qubits (two-level atoms) coupled to a waveguide, see Fig. 1 . Similar to earlier studies [25, 26] , we describe the system by the Hamiltonian
where Γ 0 is the strength of a radiative decay for a single qubit, b j (b † j ) are the annihilation (creation) operators for the bosonic excitations in the j-th qubit, z j is the position of the jth qubit, and χ describes the on-site interaction. The hopping of an excitation from j-th to l-th qubits is mediated by the waveguide photon which contributes a phase factor depending on the hopping distance. The phase constant ϕ = ω 0 d/c depends on the qubit resonant frequency ω 0 , the light velocity c, and the spacing d. The qubit positions are modulated according to the relation,
where β is the spatial period, and φ 0 is the modulation phase. We choose β = 3, which means that we consider 3 qubits per unit cell. Such modulation, inspired by the Aubry-André-Harper model [37] , is known to give rise to not trivial topology of single-photon bands [38] and radiative edge states [22] . In the limit χ → ∞, double excitations in a single qubit are forbidden. Due to the conservation of the excitation number, the Hilbert subspaces for different excitation numbers are decoupled. Below, we only consider the subspace of two excitations, where the state can be expanded in the two-excitation basis as |ψ = j<l ψ j,l b † j b † l |0 . For simplicity, we denote the basis b † j b † l |0 ≡ |j; l . Because the qubit array has the period 3, we can also refer the (j = 3m + n)-th qubit with two indices (m, n), where m is the cell index, and n = 1, 2, 3 indicates the location in the unit cell.
III. BAND STRUCTURE AND THE CHERN NUMBER
For an infinite structure, the total energy is invariant if spatial positions of the two excitations are shifted by a unit cell as a whole. It means that the center-ofmass momentum is a good quantum number according to the many-body Bloch theorem [33] [34] [35] [36] . To present the Hamiltonian in a block-diagonal form with different momenta, we introduce a new basis |K, ∆, n = L m=1 e iK(z (m,n) +z (m,n+∆) )/2 |m, n; m, n + ∆ .
(3) Here, K is the center-of-mass momentum, L is the truncation number, ∆ is the index difference between the two excitations. Two states may be different even if they have the same value of ∆. Thus, we need to distinguish such different states by an additional index, n, the location of the first excitation in a unit cell. In the new basis, the Hamiltonian elements are given by
The Hamiltonian elements are non-zero only when K = K , in other words, there is no coupling between subspaces with different center-of-mass momenta. By solving the eigenvalue problem −iΓ 0M |u (m) (K) = 2E K,m |u (m) (K) , we can obtain the energy bands depending on the center-of-mass momentum, see Fig. 2 (a) and its zoom-in (b). Since the hopping terms are non-Hermitian, the eigenvalues are usually complex. However, the imaginary part of the energy vanishes as the number of qubits increases, and all the energies become real for an infinite array [22] . For the truncation number L = 99, the imaginary part of energy is quite small. To characterize the bound states, we calculate the probability of finding two excitations within a certain short distance ∆ 0 ,
Here, u Here, n 0 = 3 is the spatial modulation period, and the other parameters are chosen as Γ 0 = 1, δ = 0.1, ϕ = 0.3, φ 0 = 0 and ∆ 0 = 5 (actually ∆ 0 can be chosen as another value 10 which does not affect the features of results). We find that there exist three bound-state bands, merging into the scattering bands. The origin of these three bound-state bands is similar to the formation of conventional energy bands. For a simple periodic array, a bound-state band is folded in the reduced Brillouin zone (−π/3 ≤ K ≤ π/3). The gaps between bands are open at the degenerate points as the modulation strength is increased from 0.
We show the probability amplitude |u (m * ) ∆,n (K)| 2 of the bound state with K = π/3 as a function of the distance between two excitations, see Fig. 2 (c). n = 1, 2, 3 indicate the position of the first qubit in a unit cell. The corresponding energy is marked as * in Fig. 2(a) . It is clear that the bound state exponentially decays with the relative distance ∆, independent of the position of the qubit in a unit cell. Apart from the bound states, there are many scattering states, which can be viewed as two independent free excitations. The wavefunction of scattering state can be decomposed as the product of two singleexcitation Bloch functions. If we denote the eigenenergy of the single-excitation Bloch state as ε k , then the energy for the scattering state is approximately given by
Chern number is a well-known topological invariant which characterizes the band topology in the twodimensional parameter space. To reveal the topological nature of the bound-state bands, we calculate the Chern number for the bound-state bands in the (K, φ 0 )-plane. The Chern number is defined as
where the Berry curvature is
. Because the energies of the boundstate bands merge into those of the scattering-state bands, we need to distinguish bound-state bands from the scattering-state ones. Here, we pick out the boundstate bands if the bounded probability P m,5 is greater than a threshold, P m,5 > P th . The threshold value P th = 0.25 is selected by numerical experiments so that it can distinguish the smooth and continuous surface of bound-state bands. The bound-state bands depending on K and φ 0 are shown in Fig. 3 . The top two bands are continuous in the (K, φ 0 )-plane, thus we can directly apply Eq. (9) to calculate the Chern numbers.
On the other hand, the lowest band has two disconnected two branches, which have linear dispersion when K approaches to ±K 0 ≈ ±0.19π. However, the major contributions for Chern number come from the Berry curvature around the band edge K = ±π/3. Thus, we sum the Berry curvature of the two branches to get the Chern number. The Chern numbers for the three bands from bottom to the top are (−0.9318, 1.9505, −0.9894) for the truncation number L = 70, which tend to the ideal integers (−1, 2, −1) as L increases. Similarly, we can also calculate the Chern numbers for scattering states, which originate from the single-particle topology.
IV. RADIATIVE TOPOLOGICAL STATES
In this section, we proceed to the spectrum and eigenstates in a finite and modulated array. There is always radiative loss for a finite array with qubit-photon coupling, that is, the excitations will be transferred into photons and escape from the array into the waveguide. The radiative decay rate is determined by the imaginary part of the eigenvalue, Γ = −Im (ε) [25] . Thus, all of the eigenstates in a finite array have radiative losses.
We now study the energy spectrum as a function of the modulation phase, see Fig. 4 . The parameters are chosen as Γ 0 = 1, ϕ = 0.3, δ = 0.1 and the number of qubits is N = 100. We focus on the energy spectrum around the bound-state bands which are shaded in cyan, and check the bulk-edge correspondence. To distinguish the edge and scattering states, we calculate the tilted degree,
where g is the tilted factor, which is set to g = 0.5 in our calculation. For N = 100, T takes the maximum and minimum values ±(N/2 − 2) = ±48 if the two excitations are located at the leftmost and the rightmost edges, respectively. On the other hand, T is close to zero if the two excitations are in a scattering state or in an equal superposition of left and right edge states. It means that T can be used to select the states localized at one edge. The colors in Fig. 4 (a) denote the tilted degree of the corresponding eigenstates where black/dark blue and red signify left and right localized edge states respectively. In the band gaps, we can find black and red curves entering the bound-state bands. There also exists dark blue and red curves entirely merging in the bound states bands.
To study the correlation properties, we calculate the joint probability distribution, |ψ j,l | 2 , for one excitation at the jth qubit and the other one at the lth qubit. For φ 0 /(2π) = 1/5, we choose three typical states marked by diamonds from bottom to the top in Fig. 4(a) , with the larger absolute values of the tilted degree. The top diamond in the second gap represents the state when two excitations are bounded within short distance and close to the right edge, see Fig. 4(b) . It also has the crossing feature, which may be affected by the self-localized states with close energies [26] . Such state can be termed as bound-edge state. The bottom diamond represents a bound-edge state localized at the left edge, see Fig. 4(d) . The middle diamond represents the bound-edge state slightly mixed with the scattering states, see Fig. 4(c) . This coexistence of bound-edge and scattering states in a single eigenstate confirms again that the bound-edge states not only exist in the band gaps, but also merge and penetrate into the bound state bands.
Next, we choose we choose three states for the phase φ 0 /(2π) close to 2/5, marked by circles from top to the bottom, which connect the dark blue and red curves, see Fig. 4 (e)-(g). These states are in the superposition of bound states localized at the left and right edges. These symmetric or asymmetric bound-edge states have a decay rate in the order of ϕ 2 Γ 0 . It is interesting that the phase values φ 0 /(2π) = 2/5 + 1/60 and φ 0 /(2π) = 2/5 + 1/60 + 1/2 correspond to the critical points where all the states are symmetrically distributed with respect to the array center. This is because the system preserves inversion symmetry at these critical points, that is, the energy is unchanged when changing the position of two excitations at (j, l) to (N + 1 − l, N + 1 − j). The critical point is obtained by solving cos[2π/3(j + 1)
The critical points shift by multiples of 2π/3 as the number of qubits changes. Away from such critical points, the two-excitation states tend to either the left or the right part of the array.
For φ 0 /(2π) = 3/5, we focus on the three scattering states marked as squares in the bulk bands, see Fig. 4 (h)-(j). The probability distributions are concentrated along the diagonal line l = j, which is a clear signature of the bound states. The bound states in the bulk have a decay rate smaller that of the bound-edge states by an order of magnitude. The intuitive explanation is that the radiative loss happens at the edge qubits and the bound states in the bulk have less occupation at the edge than that of the bound edge states [39] . These bound states can be classified as subradiant state which have the radiative lifetime larger than that of the single qubit.
The center-of-mass motion of the bound states behaves as a Bloch wave with momentum K. To extract the center-of-mass momentum, we make a Fourier transformation of the bound states:
where v refers to the vth eigenstates, s restricts the distance between two excitations, and n is the position index in a unit cell. Since we know the center-of-mass momentum and the eigenvalues, we can reconstruct the dispersion relation by calculating the wave-vector-resolved density of states [40] ,
where the Gaussian broadening σ is introduced for better visualization. (12) . This means that our calculations in the finite structure and in the infinite structure are consistent.
V. LONG-LIVED INTERFACE STATES
According to our calculations, the bound-edge states have the finite radiative decay rate on the order of ∼ ϕ 2 Γ 0 . This is because these states appear at an interface between the qubit array and free space, where the radiative loss becomes significant [39] . However, if we connect two qubit arrays with different modulation phases, there should be edge states with longer lifetime at the interface located in the bulk of array. The qubit at the interface plays the role of a defect which can trap the excitations for long time. To verify this argument, the positions of qubits are arranged as z j = j + δ cos(2πj/3), j ≤ N/2, j + δ cos(2πj/3 + π), j > N/2.
There is an interface between N/2 and N/2 + 1 qubits.
We calculate the energy distribution in the complex plane, as shown in Fig. 6 for the parameters δ = 0.1, ϕ = 0.3, Γ 0 = 1, and N = 150. The colors mark the tilted degree of the corresponding eigenstates. We are interested in the most subradiant state with the energy marked as a circle in Fig. 6 (a) and its probability distribution is shown in Fig. 6(b) . Such a state is approximated by an anti-symmetric combination [41] of the single-excitation interface state and the most subradiant single-excitation state at the left part of the qubit array, as discussed in Appendix A. We also find a kind of crosslike interface state which is a mixture of a bound state and a self-localized state with the energy marked as a square, see Fig. 6 (c). Such interface states are induced by the interplay between topology, interaction and non-Hermitian coupling. These two kinds of interface states have much smaller decay rates (Γ < 10 −6 Γ 0 ) than that of the bound edge states (Γ ∼ 10 −2 Γ 0 ) in Figs. 6(d, e) . Importantly, the decay rate for the interface states decreases as the qubit number increases. However, for the bound edge states (marked as '+' and '×') either localized at the left or right edges, the decay rates are in the order of 10 −2 Γ 0 , which are in the same order of those in Fig. 4 even with the increase of the system size. 
VI. SUMMARY AND DISCUSSION
We have studied topological properties of bound photons propagating in spatially-modulated atomic arrays coupled to a waveguide. We have calculated the centerof-mass bands and characterized the topology of boundstate bands with the Chern numbers. In contrast to many conventional systems realizing the bulk-edge correspondence, our system supports radiative bound-edge states which can be associated with both the bandgaps and also bulk bands. When the modulation phase is modified and and passes through the critical points, the edge states localized in the left part of the array transform to those localized in its right part, or vice versa. When two arrays of qubits with different spatial modulations are connected, they can support long-lived interface topological states.
Previously, the breakdown of conventional bulkedge correspondence has been discussed in either non-Hermitian or interacting systems. For non-interacting non-Hermitian systems, the generalized bulk-edge correspondence has been suggested by employing non-Bloch topological invariants [15] or bi-orthogonal polarization [42] . For interacting Hermitian systems, the breakdown of bulk-edge correspondence may be explained by the virtual defect induced by particle-particle interactions. However, both non-Hermiticity and interaction coexist in our systems, making this type of problem much more complicated [43] , so further study is required to uncover the principle of bulk-edge correspondence in our system.
Recently, topological features have been employed to improve the optical properties and control the optical response. Out-of-plane-scattering losses, a hindrance for high-Q resonators, can be suppressed by the topological nature of the bound state in continuum [44] . Our previous study has revealed that double-excited subradiant states enable a longer time for light-matter interaction, and they can enhance the inelastic scattering of photon pairs [25] . An interesting avenue for future exploration of these kind of systems is to study whether the topological interface states can be used to manipulate the correlation and entanglement of photon pairs.
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at the left part of the array. By diagonalizing the Hamiltonian (1) with z j arranged as Eq. (13) in the single-excitation subspace, we obtain the interface state |ψ (1) int = j c j |j , with the longest lifetime. By diagonalizing the Hamiltonian (1) with z j = j + δ cos(2πj/3) [j ≤ N/2] in the single-excitation subspace, we can also obtain the most-subradiant single-excitation state, |ψ (1) L = j f j |j with f j>N/2 = 0. The ansatz of the most-subradiant interface state |ψ (2) int = j,l ψ j,l |j, l has the anti-symmetric form [41] ψ j,l = c j f l − f l c j , (j ≥ l); −(c j f l − f l c j ), (j ≤ l).
(A1)
In Fig. 7 , we show the probability distributions |ψ j,l | 2 as functions of the positions j and l for (a) fermion-like ansatz and (b) most-subradiant interface state. The parameters are chosen the same as those in Fig. 6 . It is clear that the fermion ansatz [41] well describes the major features of the most-subradiant interface state of two excitations. 
